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Abstract

The generalized circular ensemble, which specifies a spectrum singularity in
random matrix theory, is equivalent to the Cauchy ensemble via a stereographic
projection. The Cauchy weight function is classical, and as such the n-point
distribution function in the cases of orthogonal and symplectic symmetry have
expressions in terms of quaternion determinants with elements given in an
explicit form suitable for asymptotic analysis. The asymptotic analysis is
undertaken in the neighbourhood of the spectrum singularity in both cases, and
it is shown that each quaternion determinant is specified by a single function
involving Bessel functions.

PACS numbers: 05.45.-a, 02.10.Yn, 02.30.Gp, 02.40.-k

1. Introduction

Random matrix ensembles specified by the eigenvalue probability density function (PDF)
proportional to

1=

)4

—cx?

e fxf]_[(xj.+m§) ]—[ lxp — x;1? (1.1)
k=1

1<j<k<N

j=1
occur in statistical studies of QCD in three dimensions [16]. The m; are masses, the parameter
¢ determines the scale while x = 0, 1 or 2 depending on the parity of p and 8. The latter
parameter takes on the values 8 = 1 (orthogonal symmetry), 8 = 2 (unitary symmetry) or
B = 4 (symplectic symmetry). For finite N, the general n-point distribution of (1.1) in the
orthogonal and symplectic cases has recently been computed in terms of Pfaffians by Nagao
and Nishigaki [13]. Also considered were various N — oo scaled limits. A different approach
to this problem has been presented by Hilmoine and Niclasen [9], in which formulae for the
finite N n-point distribution function were given in the massless case my =0 (k =1, ..., p).
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Subsequently, Abild-Pedersen and Vernizzi [ 1] have extended the methods of [9] to the massive
case.
In the massless case with x even, the PDF (1.1) has the form

A
El_[e lalfe TT e —x51%. (1.2)
j=1 1<j<k<N
Note that with a = 1 this has the interpretation as a Gaussian random matrix ensemble

conditioned so that there is a zero eigenvalue. Similarly, for general a € Z*, (1.2) gives the
(renormalized) PDF for the Gaussian random matrix ensemble with an a fold degeneracy at
the origin. For this reason we will refer to the neighbourhood of x = 0 in the ensemble (1.2)
as the neighbourhood of the spectrum singularity. The n-point distribution function of (1.2)
in the unitary symmetry case (8 = 2) has been computed by Nagao and Slevin [14], as has
the N — oo scaled limit of the spectrum singularity in the neighbourhood of the spectrum
singularity. The latter is given by

ot xa) = det [K3 (oo x)] oy (1.3)
Jy wx)J_1p(my) — J, ay)Ja_1p(Tx
K5 (x ) 1= (r) P ry) 2 (Jas12(x) Jacr 2 (T y) w12 y) Jam12(X)) (1.4)
2(x —y)
which is valid for all values of xy, ..., x, in the case @ a non-negative integer, while it is valid

for x1, ..., x, all positive otherwise.

The objective of this paper is to compute the scaled limit in the neighbourhood of the
spectrum singularity of the n-point distribution corresponding to (1.2) in the orthogonal and
symplectic cases. This task was left unsolved in [9], as the finite N results therein were
not amenable to asymptotic analysis. Also, the results of [13] for the scaled N — oo limit
of (1.1) with m; = 0 gives formulae more complicated (involving Pfaffians whose dimension
is proportional to a) and less general (requiring a to be twice a non-negative integer in the case
B = 1, and a to be a non-negative integer or half integer in the case 8 = 4) than those to be
presented here.

The difficulties faced in the calculations of [9] can be understood as resulting from the
non-classical nature of the weight function

w(x) = e |x|Pe (1.5)

in (1.2). Werecall [2] that a weight function w(x) is called classical if its logarithmic derivative,
written in the form

d
9 ogw(x) = — 5% (1.6)
dx )
is such that f and g are polynomials with
degree f < 2 degree g < 1. (.7

In the case of the weight (1.5) the formula (1.6) holds with degree g = 2 for a # 0. Although
the n-point distribution for general matrix ensembles with orthogonal and symplectic symmetry
can be expressed as a quaternion determinant, only in the classical cases can the elements of
the quaternion determinant be written in an explicit form suitable for asymptotic analysis [2].

We avoid the complications inherent with the non-classical weight function (1.2) by a
combination of two ideas. The first is to notice that the scaled limit of the ensemble (1.2) in
the neighbourhood of the spectrum singularity at x = 0 will be identical to the scaled limit of

the PDF
N

1 . . )
E l_[ |1 _ e19,'|,3a l—[ |619k _ el@_; |}3 (18)

j=1 1< j<k<N
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in the neighbourhood of the spectrum singularity at & = 0. In the special case § = 2 this has
been checked by explicit calculation [12], while its validity for general § is expected because
both PDFs are identical in the neighbourhood of the respective spectrum singularities. The
second idea is to transform (1.8) from an eigenvalue PDF on the circle to an eigenvalue PDF
on the line via the stereographic projection

0, _ 1 —ix;

=——7 (1.9)
I +ix;
This shows
N
[T =e%P« [T 1% —e®1Pdor-- doy
j=l1 1<j<k<N
N
o« [ +ahy™PNre=b2=t T g — x; 1 doxy - doxy. (1.10)
j=1 1<j<k<N

Now the weight function occurring on the right-hand side of (1.10) has the form

wx) =1 +x>)7H (1.11)
which defines the Cauchy weight. Written in the form (1.6) it gives

g(x) = 2ux f(x)=1+x%
These polynomials have the property (1.7) so the Cauchy weight is classical. Consequently
the general formulae of [2] are applicable, and it is these formulae which allow the scaled
N — oo limit to be computed.

We will proceed by revising the general formulae of [2] for the n-point distribution

p,lc Y(x1,...,x,) in the orthogonal and symplectic ensembles with Cauchy weight. This is

done in section 2. In section 3 we use the fact that according to the transformation (1.9), and
with §; — 27 X; /N in (1.8) (the mean density in the variable X ; is unity by this scaling), the

n-point distribution ,o,?c (X1, ..., X,) in the generalized circular ensemble is related to that in
the Cauchy ensemble by
< 4
GC ¢
X1, X)) = ——p (X1, .., X 1.12
PeC (X, ») U T En Dl ey (1.12)
Jj=1 ’ p=P(N+a—1)/2+1
where
zj 1= e?mXIN (1.13)
to then compute the scaled N — oo limit in the neighbourhood of the spectrum singularity.
The latter occurs at z; = —1 so we make the replacements X; > X; + N /2 or equivalently
zj = —z; and rewrite (1.12) as
z 4
GC ¢
X, X)) = ——p Y (x, ..., 1.14
Py (X4 n) H =2, PN Py (X1 Xp) e (1.14)
j=1 i=B(N+a—1)/241

with our objective being to compute the N — oo limit, with X ; fixed, of the right-hand side of
this expression. In both the orthogonal and symplectic symmetry cases pS9 is evaluated as a
n x n quaternion determinant. This is given by (3.34) in the case of orthogonal symmetry, with
S7* therein specified by (3.26) or equivalently (3.30), while in the case of symplectic symmetry
it is given by (3.47) with S;* therein specified by (3.44) (the quantity K>* in (3.26), (3.30)
and (3.44) is specified by (1.4)). Properties of ,offc are discussed in section 4. These include
the relationship with the distributions for the Dyson circular ensembles, the connection with
the soft edge distributions in a scaled a — oo limit, and a sum rule obeyed by the density.
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2. n-point distribution for classical ensembles

2.1. Orthogonal symmetry

The eigenvalue PDF for a matrix ensemble with orthogonal symmetry has the general form

1 N
PIXIL - xy) = [Twap [T bw—xl

N j=1 1<j<k<N
R o0 o0
ZN ZZ/ dX]w]()C])"‘/ dew](XN) l_[ |xk—xj.
—00 —00 1< j<k<N
The weights
e /2 Gaussian
(a—1)/2 .—x/2
X e x>0 Laguerre
wi(x) = (a71>/2( )(bfl)/Z y . 2.1
(I —x) (I+x) (-l<x<1 Jacobi
(1 +x%)~@*h/2 Cauchy
specify the classical weights. In the classical cases the n-point distribution function
[e ] o0
p,,(xl,...,x,,)zN(N—1)---(N—n+l)/ dxn+1-~-/ dxy p1(x1,...,xN) 2.2)
—00 —00

can be expressed in terms of the monic orthogonal polynomials { px (x)}x—o.1.... associated with
the weight functions

2

e " Gaussian

W) (x) = x%e™ (x >0 Laguerre 2.3)
(1=x)"0+x)’ (=1<x<1) Jacobi
(1+x>)7 Cauchy

and their corresponding normalizations. For future reference we note that in the Cauchy
case the monic orthogonal polynomials, kay (x) say, are given in terms of the monic Jacobi
polynomials, pj (x) say, by (see e.g. [18])

p,?y(x) = i_kp,{(x)| k<o 2.4)

a=b=—«
(the bound on k is required because the Cauchy weight only has a finite number of well defined
moments). Also, the normalization associated with the polynomials (2.4), (py, pk)gy say, has
the explicit form (see e.g. [18])
et L+ DI' Qo = 2k)T 2o — 1 — 2k)
Qo — k)(T'(a —k))?

In the classical cases the n-point distribution function is expressed in terms of a quaternion

determinant formula [2]

(pr> PO =72 2.5)

On(X15 .oy xn) = qdet[ f1(x;, xp)]jk=1,...n
| S y) Lix,y) (2.6)
‘ML”_[Q@J)&@JJ

where with

n—1
P.(x.y) = 12N P pe(y) 07
(x, ) i= (w2 (V) wa(y)) Z;@bmn 2.7)
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we have
)2 wi(y)
Si(x,y) = 1) a2 Py_1(x, y) + yn—2wi () py-1(y)
x%f sgn(x — t) py_a(Hwy (¢) dt (2.8)
and
y 9
Li(x,y) = —/ Si(x, z) dz — 3sgn(x — y) Dy(x,y) = 281 (x, ). (2.9)

In (2.8) it is assumed N is even (an analogous formula is known for N odd, but since our
interest is in the limit N — oo the N even case suffices) and

1 Hermite
1 % Laguerre
e . (2.10)
(Px»> Pr)2 52k+2+a+D) Jacobi
oa—1—k Cauchy.
2.2. Symplectic symmetry
In the symplectic case, the eigenvalue PDF has the general form
| N
pai, o) = = [Twate) [T =l
ZN j=1 1<j<k<N
R [o¢] o0
Zy = / dxy wa(xy) -- / dxy wa(xy) ]—[ e — x;[*
—o0 —o0 1<j<k<N
and the classical weights are specified by
e Gaussian
2 le™ (x >0 Laguerre
wix) = o gue @1
1—-—x)"A+x)"" (-1 <x <1 Jacobi
(1+x%)~H Cauchy.

The n-point distribution function is specified by (2.2) with p4 replacing p;.
In the classical cases the n-point distribution function has an evaluation in terms of a
quaternion determinant analogous to (2.6). Explicitly [2]

On (X1, .00y x0) = qdet] fa(x;, xi)]jk=1,...n

_ | Salx,y) lalx, y) (2.12)

Jatx.y) = [Dm,y) S4<y,x)]

where
| 12 12

B

1 wa(y) *° wy (1)

_§V2N—IWPZN()7)/; Pszl(l)W (2.13)
and

Y a
Iy(x, y) = —/ Sax, y)dy’ Da(x, y) = 2=84(x. y). (2.14)
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3. Scaled N — oo limit about the spectrum singularity

The task now is to compute the N — oo limit of (1.14) with p; given by (2.6) (orthogonal case)
and (2.12) (symplectic case), and the quantities therein specified as required for the Cauchy
weight. In both cases we are to substitute x; = i(1+z;)/(1 —z;) = —cotw X;/N. To analyse

this limit the first task is to express the polynomial p,fy (x), specified in terms of a monic Jacobi
polynomial by (2.4), in a suitable form. For this purpose we use the formula [4]

-1y 2
PP (x) o (x_2 ) o F (—n, —-n—o;—2n—oa—p; —> 1 1)
where , F'| denotes the Gauss hypergeometric function. Substituting in (2.4) gives

1+z 2\
pe <i] ):ik <—1—> SF (—k, —k+a; =2k +2a;1—2)  (3.1)
—Z Z

where use has been make of the fact that by the requirement that p,fy (z) be monic, the coefficient
of 2i/(1—z) on the right-hand side must be unity. We note too that the summation (2.7) defining
P, can be summed for general monic orthogonal polynomials according to the Christoffel—
Darboux formula. This gives [15]

172 Pn(X) Pp—1 (¥) — pu(y) pp—1 (x)
(Pn—1; Pn—1)2(x — )
To proceed further the orthogonal and symplectic cases must be treated separately.

Py(x, y) = (w2 (x)wa(y)) (3.2

3.1. Orthogonal symmetry

In (2.1) the Cauchy weight function is specified as w;(x) = (1 + x2)~©@*D/2 Comparing
with (1.10) in the case § = 1 shows we require

=N +a. (3.3)

With « so specified, consider now the computation of the scaled form of

(,1+z _1+w>
Py |1—,1——
I=z 1=w/ |y

which from (3.2), (3.1) and (3.3) requires the scaled form of

Cy . 1 +2
PN-1 (11 - z)
N-2
=i N2 <——> ZJFi(—(N =2),a+2;2a+4; 1 —2).
a=N+a <

Cy i1+z
pN*Z l_Z 1 —

The scaled form of the latter follow from the formulae [4]

7= e27r1X/N w = e27'[1)’/N

2 N-1
=i~ N-b (——) 2Fi(—(N = 1),a+1;2a+2;1—72)
a=N+a l—z

2

nlin;ozF1(—n,b; c;t/n) = 1F1(b; c; —t) 34
1 Fi(a; 2a; 2ix) = T(a +1/2)(x/2)" @7 Pe J,_1 o (x) (3.5)
which give
1+z (=N —G@
pgy—l (11 — Z) . ~ Wr(a +3/2)(7‘L’X/2) ( +1/2)J¢,+1/2(7TX) (3.6)
1+z (—DN-2 w
PN (11 — Z) . Wr(a +5/2) (X /2)" D I 50 (T X). (3.7)
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It follows from these results and the simple formula

1 T XY
~ — (3.8)
x—y NX-Y

that

PPN = Py PR ()
x—y
 T@+3/2)T@+5/2)
(JTX/N)N_](JTY/N)N_I
» (E) Xy {Jar12(@ X) Jar32(mY) — Ju+l/2(7tY)Ja+3/2(7TX)}‘
X-Y

(nx/2)7(11+1/2) (T[ Y/z)f(a+1/2)

Also required is the normalization in (3.2) in the case n = N — 1, which according to (2.5) is
given by

_ 2D '(N—-DI'QRa+4)TI'Ra +3)
C(N +2a+2)(C(a+2))>?

Noting from the duplication formula for the gamma function that

I'Ca+3)I'2a+4)

C
(pn—2, pN72)2y‘
a=

(a+3/2)T(a+5/2) =243 3.9
(a+3/2)T(a+5/2) R (3.9)
we therefore have
F(a + 3/2)F(ﬂ + 5/2) _ 272[173 F(N +2a+ 2) ~ 272a73N2a+3 (3 10)
Cy N I'(N —1) ’ )
(Pn=2, PN=2),
a=N+a
Finally we note that
14z 1w\ \? Cax\V o gy \V
wy |1 wy |1 = | sin — sin —
l_Z l_w a=N+a N N (311)
(w2 () Pwi(y) Y '
w1 (x) (wy(x))!1/2 x|
Combining the above results shows
(w2 () 2wi (y) T2
— L Py_(x,y)~ =YK¥(X,Y 3.12
w1 a2 NV Ty AR G

where K5 is specified by (1.4).
We turn our attention to the calculation of the scaled form of the second term on the right-
hand side of (2.8), considering each factor in turn. Now, according to (2.10), (3.3) and (3.10),
a+1 272a73N2a+3
~(a+1) .
I'a+3/2)I'(a+5/2)

YN-2 = (3.13)

(pN-2, prz)gy
Recalling (2.1) and (3.3), and setting

1—w .
y=11+ w = eZJnY/N
w

we see that

7Y N+a+1
wi(y) = (147D ~ (7) .
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The large-N behaviour of py_;(y) is given by (3.6) with X replaced by Y. Regarding the
integral we write

/OO sgn(x — ) py,(Hw (1) df = 2/00 Py (Owy (1) dr — /oo PR Owi () dr. (3.14)

00 —

But we know from [5] that for the classical weights (2.3), with N even,
00 00 N/2-2 "
c )
/ PN (Owi (D) dr = ( f wl(t)dt) [T = (3.15)
—00 —00 j=0 V2j+1

where y; are given by (2.10). For the first factor on the right-hand side of (3.15) we use the
definite integral

% xM r{1/2+¢)T(a—q—1/2
f L TU249T@—q-1/2) G16)
oo (1 +x2%)2 (o)
(which is equivalent to the Euler beta integral [17]) to deduce that
0 r'(1/2)T'(N +a)/2
f w (1) dr = A/ DTN +a)/2) T 2(Nj2)~V2, (3.17)
o0 I'((N+a+1)/2)
For the second factor, we note from (2.10), (3.3) and (2.5) that
i N+a—-1-2j Qj+DQRN+a)—2j—-1) (3.18)
Yojsi N+a—2-2j2(N+a)—4j—1)2(N +a) —4j —3) '
and from this we deduce
N/2-1
i - 1 I'@/2+2)'Q2a+4
L2~ (nj2)™ apryldard) (3.19)
iZo V2it QCN)*1 T (a/2+3/2)T(a +3)
Consequently
o 274 T'(a/2+2)'2a +4)
/ Py Owi () dt ~ 72— / . (3.20)
o0 N2 T(a/2+3/2)T(a+3)

It remains to compute the scaled form of the first integral in (3.14). Now

/ P (w1 di = f P (Owi (1) di

X otr X/N
T X C
:N/ (sinws/N)*~'py) ,(cotms/N)ds (3.21)
0

where the second equality follows from the substitution t = cot rs/N. Substituting for pf,{z
in (3.21) according to (3.7) and recalling (3.3) shows

o0
S (ywi () dr ~ —
. Pn—2 1 Na+2

Making use of the identity

X
(-1)”*2r(a+5/2)2“+3/2/ (28) P Taap(s)ds.  (3.22)
0

2@y _12 L (2a+5)

I'(a+3)
which like (3.9) is a consequence of the duplication formula for the gamma function, we see
from (3.20) and (3.22) substituted in (3.14) that

/00 2442 T(a/2+ 1)['(a +5/2)

T@+5/2) =2

_ ~
sen =Dy w0 A~ = 3

5 (1 _ipl@2+3/2) (™

—1/2
Ta2eD) o s Jas3/2(8) ds). (3.23)
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Combining the above results gives that

Y2t ()P (5] / sen(r — 0)pS, (Own (1) dr

N <ny2) F(@/2+1) Janpp(nY)

T
N C(a/2+1/2) 2rY)l/2
C(a/2+3/2) (7% _
X (1 —21/2ﬁ s 2 Jupapa(s)ds ) . (3.24)
0
Adding (3.12) to this shows
d+z 1+w 7Y?
S 11 ,11 ~ TST'S'(X, Y) (3.25)
—Z —w a=N+a

where
o F@a/2+1) Jas1pp(mwY)
ar>a+l Ca/2+1/2) QuY)1/2

F(a/2+3/2) (X
x(l—Zl/Z% 0 s1/2J0+3/2(s)ds>. (3.26)

We note that for a > 0, S}* can be written in a form analogous to (3.26), only involving K**
without the replacement a = a + 1. The first step is to use the recurrence

2Ja—1(2) =200 (2) + 2Je+1(2) =0
in (1.4) to deduce

SiS(X, Y) = K*(X, Y)

Jas12(mx) Jas12(wy)
S.S. _ S.S. _
K> (X, Y)|al—>a+1 =K"(X,Y)—-(a+1/2) ) 2 (ry) 12 (3.27)
The second step is to use the identity
d
-2 "1 (@) = E{Z_VJV(Z)} (3.28)

to rewrite the integral in (3.26) as

X d X
- f s AT T P i p (s = = X0 2 e p (e X) +a / 572 Jas1a(s) ds
0 0
a>0. (3.29)
Substituting (3.27) and (3.29) in (3.26) shows that for @ > 0 we can write
F(Cl/2+1) Ja+1/2(7TY)

C(a/2+1/2) QuY)l/2

>((1_23/21"(a/2+3/2) X

[a/2) Jo
With the result (3.25) established, we see from (2.9) that
a=N+a

d+z 1+w
LH{1i— 1
11—z 1—w
x Y 1

1
= - — —Si(—cotw X/N, —cotms/N)ds — —sgn(X — Y
Ny Swtas/N 1( / /N) 2g( )

SPX,Y) =KX, Y)+n

5732 Tus12(s) ds). (3.30)

—cotnY/N 1
:—f Si(—cotwr X/N,z)dz — —sgn(X — Y)
—cotr X/N 2

Y
~ —/ S1(X,s)ds — 1sgn(X — Y) (3.31)
X



7926 P J Forrester and T Nagao

where the second equality follows from the change of variable z = — cotrs/N, and

A+z  T+w 0 d+z 1+w
D (i ,i =— S| )1
l—z 1—w ocotmX/N l—z 1—w

XY\ 8
~—— ) =S (X, Y). 3.32
(Y 2swn o

The results (3.26)—(3.32) imply that the scaled form of the n-point distribution (2.6) in the
Cauchy ensemble with orthogonal symmetry is given by

T\ n
X~ () T

j=1
S (X5 X0 = [y S (X w) du — Ssen(X; — Xk)]
Jj.k=1,...n

Z,BTI_S?'S'(X]', Xi) ST (X, X )

a=N+a

x qdet |:

.....

where a factor 7 X7 /N has been removed from each odd numbered column and a factor of
X f /N removed from each even numbered row. Substituting this result in (1.14) gives that
for the circular ensemble with orthogonal symmetry the n-point distribution function in the

neighbourhood of the spectrum singularity is given by
pYC(Xy. . Xn)
S.S. X .S.
[ SN, X — [y SE (X, u) du — dsgn(X; — xk)}
= qdet / .
j.k=1,...n

T ST (X, X0 S5 (Xp, X )

.....

3.2. Symplectic symmetry

Comparing the definition of the Cauchy weight in (2.11) with the weight in (1.10) evaluated
at B = 4 shows we require

a=2(N +a). (3.35)

We now proceed in an analogous fashion to the analysis of the N — oo scaled limit in the
orthogonal case and first consider the scaled limit of the term involving

l+z 1+w
Py (i )1
11—z 1—w

in (2.13). The asymptotic form of the polynomials p2C v and pg v_, occurring in the summation
formula (3.2) for (3.36) is deduced from (3.1) and (3.4) to be given by

Cy 11 —Z N
PVUTHZ ) | ey in X /NY2Y

Cy A —z
Don—1 <1m)

(3.36)

a=2(N+a)

FQa+1/2)(xX)" % Y 1 pQ2rX)  (3.37)

~

T'Q2a +3/2) (@ X)" %2 102 X)

wavey  (GINTX/N)N]
(3.38)
while from (2.5) the normalization in the summation formula is such that
1 1 I'2a + 1))?
c ~ _22a(2N)4a+1 ( ( a ))
(Pan—1s PaN—1)3" la=2(N4a) T I'(4a+DI'(4a +2)
1

= N (3.39)

T'(2a+3/2)T2a+1/2)



Correlations for the Cauchy and generalized circular ensembles with orthogonal and symplectic symmetry 7927

where the final equality follows upon use of the duplication formula for the gamma function.
We also have

(w(©wa ()| ey = CITX/NHE (sin ¥ /N

while after noting that for the classical weights
(wz(y)>l/2 <w4<x) )‘/2 (@) wi(y)
wa(y) wa(x) wi(x) (w2 (y)'/2

we see that the asymptotic form is given by the second formula in (3.11), and we can again
use (3.8). Combining these results shows

1 (w3 <w4(x)>1/2 7Y?
— P , ~ —K(2X,2Y . 3.40
3 <w4(y)> 22 00) v (X, ) N ( ) . (3.40)

The second term in (2.13), which has an analogous structure to the second term in (2.8), consists
of a number of factors. We proceed to compute the scaled N — oo behaviour of each factor
in turn, as we did for the second term in (2.8). First we note from (2.10), (3.35) and (3.39) that

aN4a+l
I'Qa+3/2)F'2a+1/2)
Next, according to (2.3) and (2.11)
wa(y) 2\~ (N+a+1/2) gy \HNe
—(w4(y))1/2 =({1+y) ~ 3.41)

while the large- N behaviour of p,y(y) is given by (3.37) with X +— Y. To analyse the integral
in (2.13) we first note

% s (r) )
/ —(wfft))l/z P () dr = ( / / ) (wj’;))lﬂpsx (1) dr

z_/x w2(t) Cy I(f)dt

o (wa(ey12P2V-

] & 342
B R RS L

Y2N—-1 "~

where in going from the first equality to the second we have used the fact that the definite
integral vanishes since the integrand is odd. Changing variables ¢ = cot ws/N, substituting

for pzclf,fl according to (3.38) and making use of (3.41) shows
o0 X
wa(t) oy I'Ca+3/2) )
/x WPZN (D) dr AN 7 a1 2(25) ds.

Multiplying the above results to form the second term in (2.8), and simplifying using the
identity
27817 (4a + HI'(4a +2)

(T (2a + 1))?

'2a+3/2)T2a+1/2) =
shows

1 w)(y) w)(7)
3P Gy TP O) / Gy P O

~ ﬁ(ﬂY)sza—l/z(ZﬂY) / 572 Daan1 2 (25) ds.
0
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Adding this result to (3.40) as required by (2.8) we conclude

d+z 1+w 7Y? s
Sy i i ~ —38%X,Y) (3.43)
I—z 1=w/ s N
where
Jra1pQ2rY) [T
SIN(X.¥) = K QX.2Y)|, . —am 20(7;/55—1/7; [ e G4
0

Recalling the definitions (2.14), we see from the asymptotic formula (3.43) that

14z . 1+w LA
Iy <i i > ~ —/ Si¥ (X, u)du
-z 1-w a=2(N+a) X

4z l+w XY\ 9
D4 1 , 1 ~ _4“(X5Y)
11—z 1—w N X

(3.45)

(cf (3.31) and (3.32)).
The results (3.43) and (3.45) substituted in (2.6) show that the scaled form of the n-point
distribution for the Cauchy ensemble with symplectic symmetry is given by

N SPU (X X)) — [t Sy (X, u) du
oY X1y, Xp) ~ (ﬁ) l_[Xiqdet[ ) Xoe }
j=1 J.k=1,...n

é,aTI_Si'S'(Xj, Xi) Si% (Xe, X )

=1,...,

where as in the derivation of (3.33) a factor m X ,% /N has been removed from each odd numbered
column and a factor of 7 X f /N removed from each even numbered row. Substituting (3.46)
in (1.14) gives that for the circular ensemble with orthogonal symmetry the n-point distribution
function in the neighbourhood of the spectrum singularity is given by

SY (X X)) = [ Sy (X L u) du
pfc(xl,...,xn)=qdet[ R X4 } (3.47)
mSéf (X, Xp) S5 Xk, X;) Pk=1.n

4. Properties of pS€

In the case a = 0 of the ensemble (1.8)—which corresponds to the Dyson circular ensemble—
the scaled n-point distributions for 8 = 1,2 and 4 were computed by Dyson [3] in his
pioneering paper on quaternion determinants in random matrix theory. For 8 = 1 they are
given by (3.34) with S}* replaced by

in(X —Y)
Sk (x, yy = 2 T ) 4.1
X Y) ~X—7) (4.1)
while for 8 = 4 they are given by (3.47) with S}* replaced by
in27(X —Y)
stlk(x,y) = MmemA = 4.2
s (X,Y) (X — 1) (4.2)

Thus it must be that with a = 0, S reduces to (4.1) while S}* reduces to (4.2). According
to (3.30), for g = 1,

Ja Y X
S|y = K1)+ e 2T (i [T 1
a=0 =0T T(1/2) 2nY)/2 a0 Jo

=K (X.Y)| _, (4.3)
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where in obtaining the first equality use has been made of the facts that 1/T"(a/2) ~ a/2 as
a— 0,and Jy412(s) ~ (25)/T'(a +1/2) as s — 0, while for 8 = 4 (3.44) gives

SPMXL Y|, = KX, 2Y)| . (4.4)
But it follows immediately from the definition (1.4) and the Bessel function formulae
7 \1/2 7 \1/2
J]/z(x) = (—) sin x J,l/g(x) = (—) COSs X (45)
TX TX
that
KX,y = X - (4.6)
7 Mla=0 (X —-Y)
so indeed
SPH XY,y = SN XL Y) SiS XDy = S XL Y. 4.7

Also related to the Dyson circular ensemble is the case a = 1 of the generalized circular
ensemble. Thus the latter corresponds to fixing an eigenvalue at & = 0 in the former, so we
must have

P (X1, X0, 0) = o3~ (X, X)), 4.8)

(this identity was first noted in [7] and checked explicitly for 8 = 2 using (1.3)). In the
case n = 1, according to (3.34) and (3.47) the right-hand side of this expression is given
by Sp™ (X1, X 1)‘a=1 for B = 1 and 4 respectively. Recalling the known analytic form of

(X1, 0) [11] for these values of 8 we must therefore have

585 )| 1 sinzrrx+ 1 /d sinmx b4 +/"”‘ Sintdt 4.9)
S (x x = — —sgnx — .
1 a=1 (rx)? 7 \dx mx 28 o I

) : 2TX o

sin“2mx 1 d sin2mwx sint
g5 , =1 - ——" 4+ | = — dr. 4.10
PR CIE | Qnx)? | 2n (dx 2mx )/0 t @10

Let us check the validity of (4.10) using (3.44) ((4.9) can be checked using similar working
starting with (3.26)). Now, it follows from (3.27) that

3(5227X))  (N122nX))?
K5(2X,2X)| _ = K @X.2X)| _, - (J3pQ2rX))"  (J1pQ2n X))

4 X 4 X
L sin? 2 X _ 3(sp2rX))? .11
2m X)? 4 X

where in obtaining the second equality use has been made of (4.5) and (4.6). Also, integrating
by parts and using the Bessel function identity

d o
—Jo(s) = Jo—1(s) — = Ju(s) (4.12)
ds s
with o = 3/2 shows
"o 3J3/2(u) “ Jip(s)
V2] (s)ds = — 222220 49 227 ds.

/0 s 5,2(s) ds o MY s

Substituting this result and (4.11) in (3.44) gives

sin227tx 2 .13/2(27'[)(3) 2 J1/2(S) ds

 (QQnx)? Qrx)V/2 J, s1/2

which is seen to be identical to (4.10) after substituting for (2 x)~'/2J; 2(2m x) using (3.28),
and then substituting for J;, using (4.5).

S|, =1
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Next we consider a scaled a — oo limit of (3.26) and (3.44). Here, analogous to the
situation with the hard edge distributions [6], we expect to connect to the corresponding soft
edge distributions. The latter are specified by (3.34) and (3.47) but with S}-* and S;* replaced
by [6]

o]

SPNX, Y) = KX, Y)+%Ai(y)<1 _[ Ai(t)dt) (4.13)
X

SZOﬁ(X, Y) = KSOft(X’ Y) — %AI(Y) /OOAl(t) dr 4.14)
X

where
Ai(X)AI'(Y) — Ai(Y)AT'(X)
X-Y

KSOf[(X, Y) —

with Ai(x) denoting the Airy function. Now we know the Bessel function is related to the
Airy function via the asymptotic expansion

1/3 3,
Ju(x) ~ (E) Ai (#) 4.15)
a X/

valid for a and x large and such that the argument of the Airy function is of order one. Noting
from the Bessel function identity (4.12) that we can rewrite (1.4) as

iKs.s‘ (ﬁ’ Z) _ 20y’ () — ¢ (x$'(x) 4.16)
T T X —y
where
_ \/? J
d(x) = 5 a+1/2(x)
we can check using (4.15) that
tim — (4)" Lge <1<a @/, L - (a/2)1/3y)> = K, ). @.17)
a— o0 2 T b T
Use of (4.17) and further use of (4.15) in (3.26) and (3.44) then shows
tim — ()" Lspe (l(a — (@), ~(a - (a/z)‘/3y>) = S1(x. y) (4.18)
a—00 2 T b4 b4
s a 1/3 l S.S. 1 3 1 3 SO
lim —(3) 528 (E(“ ~(@/2)"’x). —(a - (a/z)“*w) =Sy (@19

which are the required connection formulae.

Our last property to be considered is motivated by the fact that the PDFs (1.2) and (1.8)
have interpretations as being proportional to the Boltzmann factor of the one-component log-
gas on a line and circle respectively, with an impurity charge of strength a at the origin. A
log-gas is an example of a Coulomb system. In the thermodynamic limit the latter have the
neutrality property that the total excess charge density about a fixed charge will be equal and
opposite to that of the charge (see e.g. [10]). Now for a one-component log-gas with unit
positive charges the charge density is the same as the particle density. The neutrality property
at the fixed charge of strength a then implies the sum rule

2/00 (,ol(x) — 1) dx = —a (4.20)
0
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(the factor of 2 comes from the symmetry of the charge excess about the origin, while we
subtract 1 from p; (x) since it is the unperturbed density). But p;(x) = Sg(x,x) (B =1,2,4
with S, := K%%) so we must have

2/00 (Sp(x,x) — 1) dx = —a. (4.21)
0

We will use the exact expressions for Sg(x, x) to verify (4.21) for each of the couplings
B =1,2,4, starting with § = 2. For 8 = 2, we see by taking the limit y — x in (1.4) that
S2(x, x) = %2X[J;+(1/2) (0 x) Ja—1/2) (X)) = Jas1/2) (TX) I (1 2y (TX)].
We make use of the Bessel function identities
X T} 1) (X)) = —(a + 3) Jary2) (TX) + TX Ja1/2) (T X)
Xy 12y (%) = (@ = $)Ja—/2)(TX) = X Jas12) (%)

to rewrite this expression as
2

T 2 2
$2(x, x) = —mwadayqyp (X)) Ja—y2)(TX) + 7)6{(1117(1/2)(77)6)) + (Jusayp (1))}, (4.22)

Using the integration formula [4]

> 1
/ Jy(ex)Jy_1(cx)dx = —
0 2¢

we conclude from (4.22) that
o a 1 [* ) , 2
(S0, x) = 1)dx =—= + = X(Ja—ay (X)) + x(Jarqpy(x))” — — ) dx. (4.23)
0 2 2 0 T
Next we use the fact that

X X2
/0 X () + (Jpa1 (0))?) dx = 7((JV(X)>2 + (Jos1(X))?

—Jo 1 (X) D1 (X) = Jo(X) Juia (X))
and then employ the large-X asymptotic expansion of the Bessel function to conclude

i J, 24 x(J, 222 ) 4 ~ 0 !
/0 <x( a—172)(X))” + x(Jar1/2) (X)) —;> x <§)

The integral in (4.23) thus vanishes and so (4.21) is verified for 8 = 2.
With (4.21) established at 8 = 2, we see from (3.30) that the validity of (4.21) at 8 = 1
is equivalent to the integration formula

t
/OO dr % (1 _ 23/2%;’23)/2) ds 53/2.],1+1/2(S)) —0. (424)

0 a 0
To verify (4.24) we make use of the definite integral [8]

/OO Ja+1/2(t)d [(a/2+1/2)
=

0 /2 212 (a/2 + 1)

to evaluate the first term, and change variables s +— s in the second to rewrite it as

['@a/2+3/2) (! 1 S|
—23/2% i dsm( /0 dt?JaH/z(t)Ja“/z(ts)). (4.26)

(4.25)

Butfor0 < s < 1[4],
§a+1/2

> 1
—-J, ) J, ts)dt =
/0 p +1/2( ) +1/2( 5) 2a+1
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so we see that (4.26) is equal to minus (4.25), thus verifying (4.24).
It remains to verify (4.21) in the case § = 4. Now we see from (3.44) that knowledge of
the validity of (4.21) at 8 = 2 means it suffices to verify the integration formula

© a1 [T Jaa 2
/' a2 11/2( ) a5 2 +1/2(25) _o @.27)
0 12 0 s12
Changing variables s — ts and interchanging the integration order shows that the integral can
be written
1 (! ds 0
2 ) 52\, dr Jaa—12(8) J2as12(s0) ). (4.28)

But for 0 < s < 1 the integral over 7 in (4.28) vanishes [4] and consequently (4.27) is verified.
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